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1. Introduction 

Cut-off are generally used to avoid undesirable divergencies occurring at small or very large 
scales. The scale is usually an energy scale E and the cut-off is implemented either on momentum 
p or on the wavelength A. In various senses, these two implementations are dual to each other: a 
high momentum cut-off is equivalent to a short wavelength cut-off and vice-versa, as can be read 
e.g. in de Broglie relation p = j- In this note we explore another possibility to give sense to this 
duality, based on the double nature of the (generalized) Dirac operator D which is at the heart of 
Connes approach to noncommutative geometry |^. This is indeed the same operator D which 

- provides an action which naturally incoiporates a high energy cut-off. This is the spectral 
action ||I|] 



where / is the characteristic function of the interval [0,1] and A a energy scale of unification. 
We refer to [Q] for details on the choice of the operator D and how the asymptotic expansion 
A ^ oo yields the standard model of elementary paiticles minimally coupled with (Euclidean) 
general relativity (see also [ [T^ for an highly readable introduction to the subject, and [[T^,[TT|] 
for recent developments). 

- defines a mefric on fhe space of sfafes^ of an algebra provided fhe lafer acfs on 

fhe same Hilbert space Jlf as D in such a way that 

LDia):=\\[D,Kia)]\\ (1.2) 

is finite for any a £ £/ {n denotes the representation of £/ as bounded operators on Jff'). This is 
the spectral distance [§| 

ds^,D{(P,¥) ■= sup{\(p{a) - \l/{a)\, Loia) < 1} (1.3) 

for any (p, t/r in y{s^). For £/ = C°° {^) the algebra of smooth functions on a manifold ^ and 
D = ^ the usual Dirac operator of quantum field fheory, fhe specfral disfance compufed befween 
pure sfafes (which are nofhing buf fhe poinfs of viewed as fhe application : f ^ f{^)) gives 
back fhe geodesic disfance [Q], 

dc-{^),^{Sx,Sy') = dgso{x,y)- ( 1 - 4 ) 

The action ( pTT| ) counfs fhe eigenvalues of fhe Dirac operator smaller fhan fhe energy scale A, 
which amounfs fo cuf-off fhe Fourier modes wifh energy greater than A. In other terms the spectral 
action naturally implements an ultraviolet cut-off as a high momentum cut-off. The question we 
adress in this note is: can this be read as a short wave-length cutoff in the distance formula ( |1.3| ) ? 
More precisely, by cuting-off the spectrum of the Dirac operator in the distance formula, does one 
transform the high-momentum cut-off A in a short distance cut-off A ? Reversing the well known 
question on how to retrieve the shape of a drum from its vibration modes, our point here is to 
understand what drum can one design from hearing the spectral action ? We have shown in 
that the answer is not obvious, and asks for a careful discussion on the nature of the points of the 
“cut-off drum”. We report here some of these results, in a non technical manner. 

* A state (p of .a/ is a linear application .a/ —> C which is positive {(p{a*a) G R^) and of norm 1 (in case is unital, 
this means (p(I) = 1). 
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2. Cutting-off the geometry 

We implement a cut-off by the conjugate action of a projection Pa acting on Jif: 

Da :=PaDPa. ( 2 . 1 ) 


Typically Pa is a projection on the eigenspaces of D, but for the moment it is simply a projection 
acting on Jff'. We are interested in computing the spectral distance on a manifold ^ induced by 
this cut-off, that is formula ( p3| ) for .e/ = C“ {^) but with D substituted with Da- 

Suppose that Da is a bounded operator with norm A G M+. Then one has [||, Prop. 5.1] 

> A (2.2) 


This seems to be precisely the answer one was expecting: by cutting-off the spectrum of D below 
A, one is not able to probe space with a resolution better than A^^ Unfortunately (^) is an 
inequality, not an equality. There is as expected a lower bound to the resolution on the position 
space, but nothing guarantees that this bound is optimal. In particular if Da has finite rank, then the 
distance is actually infinite [^, Prop.5.4]. For ^ compact, this happens for instance when Pa = Pn 
is the projection on the first N Fourier modes for some A G N. Then Da = Dai := PnDPn has finite 
rank and the distance between any two points is infinite. 


‘5^C"“(.jr),z)iv(5x,5y.) — oo 


(2.3) 


In other terms, cutting-off all but a finite number of Fourier modes destroys the metric structure 
of the manifold. It is an open question whether the distance remains finite for a bounded Da with 
infinite rank. 


Eq. ( |2.3D illustrates the tension between truncating the Dirac operator while keeping the usual 
notion of points. A solution to maintain a metric structure is to truncate point as well. This actually 
makes sense in full generality, that is for £/ non-necessarily commutative, acting on some Hilbert 
space together with an operator D such that Loia) is finite for any a G £/. Given a finite rank 
projection Pn in we then define 


■= PnPn (2.4) 

where st/ga is the set of selfadjoint elements of £/. The set ^n has no reason to be an algebra but it 
has the structure of ordered unit space, which is sufficient to define its state space and to 

give sense to formula ( pT^ ) (substituting the seminorm Ljj with the seminorm 

L;v:=||[2)iv,-]ll (2.5) 

and £/ with ^n)- In addition to the original distance one thus inherits from the cut-off two 
“truncated” distances: dj^,DN on and on SP{^Gn)- To make the comparison between 

these distances possible, we use the injective map (p# := <p o Ad^Ar that sends a state <p of Gn to a 
state (pt* of sff. By pull back, one obtains three distances on 5P{^0nY 


3 





Cut-off drum 


Pierre Martinetti 


A sufficient condition that makes the truncated distance equivalent to the “bi-truncated” 

distance is that ||^ Prop. 3.5] the seminorm := ||[f)Af,-]|| is Lipschtiz 0 , meaning that 

LN{a) = 0 if and only if a = Cl. If in addition the non-truncated seminorm Lo is Lipschitz, or 
is in the commutant of the algebra £/, or commutes with D, then one also has that ^ is 
equivalent to 

In the commutative case, the set permits to give a precise meaning to the notion of 

truncated points. By this we mean a sequence of states of that tends to some 5x as A —^ oo. For 
instance on the circle, that is, sff = C“(5''), the Fejer transform 

'I^r,iv(/)= I iVGN (2.7) 

,i=-N + 1 

is a state of for P/v the projection on the first N negative and N positive Fourier modes [^, 
Lem. 5.10]. It is an approximation of the point x £ SMn that 

lim;v^^'P,,^(/) = f{x) V/ G C“(5'). (2.8) 

Moreover this approximation deforms the metric structure of the circle but does not destroy it, since 
- with D the usual Dirac operator of S' - the bi-truncated distance between any two Fejer transforms 
is finite for any N [||, Prop. 5.11], 

dffn,DN{'^x,N,'i'y,N) ^ dgQo {x,y), (2.9) 

and tends towards the geodesic distance for large N, 

lim dff^,D!,{^x,N,'^y,N) = dgeo{x,y) Vx,y G s'. (2.10) 

A ^—>00 

A similar example has been worked out on the real line |j^ Prop. 5.7]. 

3. Convergence of truncations 

Let us study in a more systematic way the idea introduced in the previous section of approx¬ 
imating a state by a sequence of truncated states. To this aim, take £/, Jif and D satisfying the 
conditions of the precedent section, and let us consider a sequence {PvIveN increasing finite- 
rank projections, weakly converging to 1. Under which conditions can states of be approximated 
by states of in such a way that the metric structure is preserved ? 

For normal states the answer is simple in case the topology induced by the spectral distance 
coincides with the weak* topology. Then any normal states cp with density matrix R is the limit of 
its truncation |^, Prop. 4.2], 

lim <7^,£,( 9 , 9 *,) =0 (3.1) 

where qtyj is the state with density matrix Zn' R where := Tr (PnR). One also has the convergence 
in the sense of metric spaces[Q, Prop. 4.3]: j^) converges to for the 

Gromov-Hausdorff distance. 

£ A'(A) is normal if and only if there exists a positive traceclass operator R on JP (the density matrix) such 
that <p(a) = Tr(Ra), 'ia £ . 
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In case the topology of the spectral distance is not the weak* topology, the answer is more 
challenging. A preliminary step is to work out a class of states at finite distance from one another. 
In the commutative case, for ^ connected and complete, such a class is given by states with finite 
moment of order 1. Recall that there is a 1-to-l correspondance between states cp of Cq(^) and 
probability measures jx on ./#, 

(p{f) = J^f{x) dix{x) V/eCo(./^). 

For ^ connected, the finiteness of the moment of order 1 of (p, 

^i{(p,x') := J dgeo(.v,v')djU(v) (3.2) 

does not depend on the choice of ^ G ^ and so is intrinsic to the state. If furthermore ^ is 
complete, one has that the spectral distance between states with finite moment of order 1 is 
finite (see e.g. [^). 

In the noncommutative case, the correspondance between states and probability measure on 
the pure state space is no longer 1-1, as can be seen on easy examples such as MjiC). However in 
1^, §4.2] we proposed to give meaning to the notion of “finite moment of order 1” for normal states 
in the following way. Let (phea normal state with density matrix R. Fix an orthonormal basis 53 = 
{V^hIhgN of made of eigenvectors of R, with eigenvalues G M+. Denote *F«(a) := 
the corresponding vector states in so that 

(p(a) = ^ p„*F„(a) \laCsi. 

«>0 

We call moment of order \ of R with respect to the eigenbasis 53 and to a state (induced by a 
vector Yk C 53) the quantity 

:= (3.3) 

n>0 

Unlike the commutative case the finiteness of ( |3.3[ ) is not intrinsic to the density matrix (hence even 
less to the state), because for the same density matrix R one may have that (/?, 53,'F^) is infinite 
for a given basis while {R, f8','F^) is finite for another one [||, Ex. 4.6]. However, once fixed 53, 
fhe finifeness of .y#i(/?,53,'Fj;) does nof depend on 'F^. We wrife fhe sef of normal sfafes 

for which fhere exisfs af leasf one densify mafrix R wifh an eigenbasis 53 = {v/«} such fhaf 

.^i(R,5S,'F„)<oo. (3.4) 

Consider fhen an increasing sequence {FvlArgN projections weakly convergenf fo 1. For 
any q) G such fhaf (|^ holds for an eigenbasis 53 in which fhe Pffs are all diagonal, fhere 

exisfs a sequence G =5^(^a?) such fhaf 

lim<i^_£,(9,(p|) =0. (3.5) 

At—>oo 

In ofher ferms, any q) G can be approximafed in fhe mefric fopology by a fruncafion qtf^. 

However unlike ( p| ) where fhe fruncaling-projeclions where fixed once for all, in case fhe 
mefric fopology is nof fhe weak* fhe fruncafing procedure may depend on fhe sfafe. 
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4. An unbounded example: Berezin quantization of the plane 


We conclude by an example where the truncated Dirac operator is not bounded: the Berezin 
quantization of the plane. We omit the details that can be found in [^, §6.2]. For other applications 
of noncommutative geometry to Berezin quantization, see \]2\. 

One starts with = L^(C, and, for 0 > 0, define Pq as the projection on the subspace 


Jffe := Span<^ /z„(z) := 


For D the Dirac operator of the Euclidean plane, the truncated Dirac operator 


(4.1) 


Dq := (Pq (g) I2 ){Pe < 8 > I2) 


2 / 0 \ 
a/0 Y 0 0 y 


(4.2) 


is unbounded (a/ a are the creation, annihilation operators on the /i„’s). 

Let sff = ^(M^) denote the algebra of Schwartz functions on the plane, and denote ^0 the 
order unit space generated by Pq fPg (for f = f* C sff'). Both act on ® C^. For any states 9 , xj/ 
of si, define 

sup |<p(/)-v^(/),||[D,B^/)||<l| (4.3) 

where 

|,|2 “ 

50(/) where (4.4) 

„=o V0"«! 

is fhe Berezin transform of /. One gefs 


<d(re,De{(p,¥) <d%i(pK¥^)- 

In particular, fhe disfance befween coherenf sfafes z,z' S C, is 

dr,„Dei^„^z’) = \z-z'\. 


(4.5) 


(4.6) 


A similar resulf was found in [ |T^ ] from a complefely differenf perspective, based on fhe consfruc- 
fion of fhe elemenf fhaf attains fhe supremum in fhe disfance formula. This illusfrafes fhaf fhe 
cul-off procedure could be an efficienl fool fo make explicif calculations of fhe disfance. 
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